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Abstract. We are concerned with the problem of recovering the radial kernel k, depend- 
ing also on time, in the parabolic integro-differential equation 

D t u(t,x) — Au(t,x) + / k(t — s, \x\)Bu(s, x)ds + / D\ x \k(t — s,\x\)Cu(s,x)ds + f(t,x), 

Jo Jo 

A being a uniformly elliptic second-order linear operator in divergence form. We single 
out a special class of operators A and two pieces of suitable additional information for 
which the problem of identifying k can be uniquely solved locally in time when the domain 
under consideration is a ball or a disk. 
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1 Posing the identification problem 

The present paper is strictly related to our previous one jHj- Indeed, the problem we are 
going to investigate consists, as in in identifying an unknown radial memory kernel 
k also depending on time, which appears in the following integro-differential equation 
related to the ball Q={x=(x 1 ,x 2 ,x 3 ) G IR 3 :|x| < R}, R > and \x\ = {x\ + x\ + x\f /2 : 

D t u(t, x) = Au(t, x) + / k(t — s, \x\)Bu{s, x)ds + / D\ x \k{t — s, \x\)Cu{s,x)ds +f(t, x), 

Jo Jo 

V(t,a?) G [0,T] x a (1.1) 

We emphasize that the aim of the present paper is to study the identification problem 
related to (jl.lj) when the domain Q is a full ball. This is exactly a singular domain 
for our problem as we noted in Remark 2.9 in where we were able to recover the 

*Work partially supported by the Italian Ministero dell'Universita e della Ricerca Scientifica e Tecno- 
logica (M.U.R.S.T.). 

TThe authors are members of G.N.A.M.P.A. of the Italian Istituto Nazionale di Alta Matematica 
(I.N.d.A.M.) 



kernel k only in the case of a spherical corona or an annulus Q. In this paper we show 
that our identification problem can actually be solved in suitable weighted spaces if we 
appropriately restrict the class of admissible differential operators A to a class whose 
coefficients have an appropriate structure in a neighbourhood of the centre x = of Q, 
which turns out to be a "singular point" for our problem. 

In equation (jl.lj) A and B are two second-order linear differential operators, while C is a 
first-order differential operator having the following forms, respectively: 

3 3 3 3 3 

^=E^(E a ^)^)' B=Z)^(Z)w^* fc ). c = $>,(x)zv (i.2) 

j=l k=l j=l k=l j=l 

In addition, operator A has a very special structure, since its coefficients Ojj, i } j — 1, 2, 3, 
have the following particular representation, (cf. formula (2.4), where (b, d) is changed 
in (—6, —d))\ 

(x 2 2 + xj)[c(x) + b(\x\)} _ x\d(\x\) 
a\,i{x) — a{\x\) -f , 

„ ^ - n (M\ i ( g i + a; 3)[c(g) + &(N)] ^(H) 
a 2)2 (xj - a(jx|j H bp - ' 

11 M (1.3) 

(xf + g|)[c(x) + 6(|g|)] xjdQj) 

„,,(*) = a t ,(x) = i < A * < 3 , J ^ *, 

where the functions a, b, c, d are non-negative and enjoy the following properties: 

a,b,deC 2 ([0,R}) , ceC 2 {Q), (1.4) 

a(r)>d(r), Vre[0,i2], 6(0) + c(0) = , d(0) = 0. (1.5) 

In particular, we note that each coefficient a^j is Lipschitz-continuous in Q. 
We now introduce the function h defined by 

h(r) = a(r) - d(r), Vre[0,fl], (1.6) 

and which is non-negative by virtue of (|1.5|) . Then, as we noted in 0, for every x G f2 
and ( 6 I 3 we have 

^ "(N)l^l 2 + b(N L} 2 C(X) FA^-^Mb-fl 2 



|2 , 6(H) , A , |2 d(b|) 



^ a(|x|)ier + ^ixAer-^k-er ^Mki)iei 2 >o, (1.7) 

where A and ■ denote, respectively, the wedge and inner products in R 3 . 
iFrom ()1.7|) it follows that the condition of uniform ellipticity of A, i.e. 

3 

«iier < a ^Mk < « 2 ier, v(x,o esixi 3 , (i.8) 
j,k=i 



is trivially satisfied with a.\ = min rg [ 0ifi ] h(r) and a 2 = ||/i + 6||c([o,fl]) + Il c llc(n)- 
Then we prescribe the initial condition: 

u(0,x) = uq(x) , VxGfi, (1.9) 

Mo : — > R being a given smooth function, as well as one of the following boundary value 
conditions, where u± : [0, T] x f2— »R is a given smooth function: 

(D) u(t,x)=u 1 (t,x), V (t, x) G [0, T] x dtt, (1.10) 

(N) |£(t |iC ) = V(t,x)G[0,T]x^. (1.11) 

Here D and N stand, respectively, for the Dirichlet and Neumann boundary conditions, 
whereas n denotes the outwarding normal to dQ. 

Remark 1.1. The conormal vector associated with the matrix {cij,k(%)}j k=i defined by 
(jl.3|) and the boundary dQ coincides with R~ 1 [a(R) — d(R)]x, i.e. with the outwarding 
normal n(x). 

To determine the radial memory kernel k we need also the two following pieces of 
information: 

$[u(t, ■)](?):= gi (t,r), V(t,r) G [0,T] x (0,/?), (1.12) 
.)]:=0 2 (t), Vte[0,T], (1.13) 

where, representing with (r, <^9, 0) the usual spherical co-ordinates with pole at x = 0, $ 
and \I> are two linear operators acting, respectively, on the angular variables (p, 9 only and 
all the space variables r, ip, 9. 

Convention: from now on we will denote by P(K), K G {D,N}, the identification problem 
consisting of (fill). (Oil , the boundary condition (K) and (fTT2j) . (fTTHjl . 

An example of admissible linear operators $ and \I/ is the following: 

$[v](r) := / sm9d9 v{rx')d(p , (1.14) 



r 2 dr sin9d9 ^(rx')v(rx')dip , (1-15) 
Jo Jo 

where x' = (cos^ sin#, sin^sin^, cos9), while r/> : — ► R is a smooth assigned function. 

Remark 1.2. We note that (jl.14)) coincides with (1.12) in j3] with A = 1. We stress here 
that at present this case, along with the particular choice (jl.3|) of the coefficients a it j, 
seems to be the only one allowing an analytical treatment in the usual L p -spaces when 
dealing with a full ball. 
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^From (jl.lOj) — ()1.13|) we (formally) deduce that our data must satisfy the following 
consistency conditions, respectively: 

(C1,D) u (x) = ui(0,x), Vxedtt, (1.16) 

(C1,N) ^( x ) = ^(o,x), VxGffi, (1.17) 

$[u ](r)= gi (Q,r), Vre(0,i2), (1.18) 

*[«o] =^(0). (1.19) 

2 Main results 

In this section we state our local in time existence and uniqueness result related to the 
identification problem P(K). For this purpose we assume that the coefficients of operator 
A satisfies (II. 3J) — (jl.5|) . whereas, as far as the coefficients bij and Cj of operators B, C are 
concerned, we assume: 

b id e W hoo (Q) , Ci GL°°(fi), i,j = 1,2,3. (2.1) 

In order to find out the right hypotheses on the linear operators $ and it will be 
convenient to rewrite the operator A in the spherical co-ordinates (r, (p, 6). 
As a consequence, using representation (jl.3j) for the a^j's, through lengthy but easy com- 
putations, we obtain the following polar representation A for the second-order differential 
operator A: 

A = D r [h{r)D r ] + + a(r) 2 + ^ \ (smOy'Dl + D e ( mnBD e ) 



+ 



r 2 sin^ 

1 



r 2 sin6 



sinOy 1 D^[c(r, cp, 6)D V ]+D e (c(r, cp, 6) sm6D e ) , (2.2) 



where we have set c(r, tp, 9) = c(r cosp sin#, r simp sin#, r cos#) . 

Before listing our requirements concerning operators $ and \1/ and the data, we recall (cf. 
jl]) some definitions about weighted Sobolev spaces. Given an n-dimensional domain Q 
the weighted Sobolev spaces W^ ,p (fl), k G N, p G [1, +00], a G E, are defined by 

= {/ g w£?(n\{o}) : ll/ll^fl, = ( E / Wl^/^)^) 1 P < +00}, 

where 

(2.3) 

a =(«!,...,«„) GrC, |a|=2^|ai|, £ a = ^ ...ff"^ ' 

i=l 



Of course, IV^ ,p (fi) turns out to be a Banach space when endowed with the norm 

|| • Hjyfc.jvQv In particular, taking a = in ()2.3j) we obtain the usual Sobolev spaces W k ' p (Q) 

whereas taking k = we obtain the weighted L p -spaces defined by 

L£(n) = {/ G L? oc (fi) : ||/|| L?(n) = ( jf |xn/(x)rdx) 1/P < +00}. (2.4) 
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Lemma 2.1. Operator $ defined by maps W 2 > p (£l) continuously into W^ P {®,R). 

Proof. Taking u G W 2 > p {Vt) from (fTXlj) it follows that 

DM$[u](r) = $[D®u](r), Vj = 0, 1, 2. (2.5) 
Hence, denoting with p' the conjugate exponent of p, from Holder's inequality we obtain 



§{ u }f L o - / r 2 \§[u}(r)\ p dr = / r 2 sm9d6 u(rx')d^ 
2 JO •/ o Jo Jo 



dr 



^ (47r) p/p ' [ R r 2 dr [ sm6d6 [ \u{rx')\ p dcp = (4tt) p/p ' \\u\\ p lp(u) . (2.6) 
Jo Jo Jo 

Repeating similar computations and using the well-known inequalities 

3 

\D r u(rx')\ ^ \Vu(rx')\ , \D 2 r u(rx')\ ^ ^ \D Xj D Xk u(rx')\ 2 , (2.7) 

i,k=x 

from (|2.5j) we can easily find that the following inequalities hold: 

II A-$M 11^(0,*,) < Cilkll^(n) > \\ D l^\\l l{0 , R) < Ca||«||^ (n) , (2.8) 

where Ci and C*2 are two non-negative constants depending on p only. 

Therefore, from ()2.6|) and ()2.8|) it follows that there exists a non-negative constant C3, 

independent of u, such that 

ll $ Nllw|*(o,Ji) < Callwll^n)- ( 2 - 9 ) 

□ 

In this paper we will use Sobolev spaces W k,p (fl) with 

pe(3,+oo) (2.10) 
and we will assume that the functionals $ and \l/ satisfy the following requirements: 

$ G £(L p (f2); L p (0,i?)), * G L p (ft)*, (2.11) 

$H = w$H. V(w,u) e L p 2 (0,R) x L p (n), (2.12) 

D r $[u](r) = $[£> r u](r), Vm G H /1 ' p (f2) and r G (0, R), (2.13) 

$J = A$ onW 2 ' p (n), (2.14) 

^=^1 onH/ 2 ' p (fi), *iGW 1,p (0)*, (2.15) 

where 

~ h(r) 

Ax = D r [h(r)D r ] + 2^-D r . (2.16) 
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To state our result concerning the identification problem P(K),K G {D,N}, we need to 
make also the following assumptions on the data /, u , u±, g%, g2- 

/e^([0,r];L^)), /(Or)e^), (2.17) 

u e W 4 ' P (Q) , Bu G Wf p (Q) , (2.18) 

Wi G C 2+/3 ([0,T];L p (fi)) nC 1+/3 ([0,T];iy 2 ' p (n)) , (2.19) 

„4u + /(0, •) - A«i(0, ■) G ^(Q) > (2-20) 

F := ^Cn + fco^wo + A 2 u + Af(0, ■) - AV(0, •) + A/(0, •) G W^f p (fi) , (2.21) 

9l G C 2 +^([0, T]; L5(0, R)) H C 1+ ^([0, T]; p (0, , J AAtfi^flO, T]; 2£(0, J2)), 

(2.22) 

9 2 e^([0,T];l), (2.23) 

where /3 G (0, l/2)\{l/(2p)}, 5G (/3, l/2)\{l/(2p)} and function fc in (l2~2Tl) is defined by 
formula (|3.2(Jj) . Moreover, the spaces W^ P (Q) are defined by 

W^ p {Vt) = {w G l^ 2 ' p (fi) : w satisfies the homogeneous condition (K)} , (2.24) 

whereas the spaces W^' p (n) = (L p (n), iy 2 ' p (fi)) 7p , 7 G (0, l/2]\{l/(2p)}, are interpola- 
tion spaces between W^ P (Q) and L P (Q) and they are defined section 4.3.3], respectively, 
by: 

f w 2 ~<' p (n) , if < 7 < i/(2p) , 

W 2j ' p (Q) = < (2 25) 

D W 2 ^(fi) :ll = 0on3fi}, if l/(2p) < 7 < 1/2 , 

W 2 ^ P {Q) = W 2 ' ( ' P {Q) , if < 7 < 1/2 . (2.26) 

Remark 2.2. Assumption (l2~2~2l ensures that AAft e C 2+/3 ([0, T], Z|(0, i?)) (see for- 
mula (COTai ). 

Remark 2.3. Observe that our choice p G (3, +00) implies the embeddings 

W lj, {Q) ^ C (p ~ 3)/p (Q), (2.27) 
W^' p {0, R) ^ C {p - 3)/p {[0, R}). (2.28) 

In fact, while (J2.27j) is a classical consequence of the Sobolev embedding theorems (PQ), 
Theorem 5.4, (J2.28|) follows immediately from the inequalities 



|u(t)-u(a)| ^ /V 2/p £ a/ V(0K< \ fc 2/{p - l) di 

J s . J s 



l/p> 

\W'\\lZ(o,r) 



< i^) llP '\ t - 4 p - Z),P \\u\\ w ^ R y VMe [0,R] (2.29) 
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Assume also that Uq satisfies the following conditions for some positive constant m: 



Jo(«o)(V):= |$[Cu ](r)| > m - 
Ji(u ):=*[J(tio)]^0, 



Vr G (0,R), 



where we have set: 
J{u )(x): = \Bu (x) 



®[Buv]{\x\) 



Cu (x) ) exp 



*l *[C«o](0 



*[C«o](M) 

Remark 2.4. According to (|2~TTj) and (|2~T2"j) it follows that: 

mR *[Buo](t) 



(2.30) 
(2.31) 

ViGfi. (2.32) 



exp 



L7 r $[c« ](0 



(r) = 0, VrG(0, J R). 



(2.33) 

This means that operator cannot be chosen of the form = A$, where A zs m L^O, i?)* ; 
i.e. A[v] = r 2 p(r)v(r)dr for any v G L^O, .R) and some p G Z/f (0, J?), otherwise 
condition (|2.31|) would be not satisfied. In the explicit case, when $ and \I> have the 
integral representation (jl.l4j) and (jl.l5|) . this means that no function ip of the form 
ip(x) = \x\ 2 p(\x\) is allowed. 

Remark 2.5. When operators $ and \I/ are defined by (jl.l4j) . ()1.15|) conditions f)2.30|) . 
(12.311) can be rewritten as: 



PIT PZ7T 

/ sm6d9 / Cu (rx')dip ^ m u Vr <E (0, R) , 

/•.R a-tt /-27T / r *■ s [ n gdQ f 2n j3 u (rx')dcn 

/ r 2 dr/ sin0d0/ ^(rx') i3w (™') - ^ ^ - —Cu (rx' 

o Jo Jo V Jq sin6d6 J Q Cu {rx')d(p 



(2.34) 



x exp 



R J* sin6 d6 J 2 " Bu Q (&')d(p 



K sinOdO f Q w Cuo(£x')d<p 
for some positive constants mi and m2- 



di 



dip 



^ m 2 



(2.35) 



Finally, we introduce the Banach spaces U S ' P (T), U^ P {T) (K G {D,N}) which are 
defined for any s G N\{0} by: 



'U s ' p {T) = C s ([0,T];L p (n)) nC^ftO.TjjW 2 '^)) , 
U^{T) = C s ([0,T];L p (Q)) nC-^O.T];^)) . 

Moreover, we list some further consistency conditions: 

(C2,D) v (x) = 0, ViGffi, 

dv 



(C2,N) 



9v 



(x) = 0, 



Vx G <9ft 



(2.36) 

(2.37) 
(2.38) 
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$N(r) = D tgi (0,r) - $[A«i(0,-)](r), Vr G (i?i,i? 2 ), (2.39) 

*N = D t g 2 (0) - *[A«i(0, ■)] , (2-40) 

where 

Uo (x) := ^luo(x) + /(0,x) - A«i(0,x) , Vxefi. (2.41) 

Theorem 2.6. Let the coefficients djj (i,j = 1,2,3) 6e represented by $1.3] where the 
functions a,b,c,d satisfy f\l-4h (EH)- Moreover, let assumptions (pQJ), (p£ I ^ _ (Jff. 
6e fulfilled and assume that the data enjoy properties ( 2.11 ) — (Iff. ffffi and satisfy $2.30] . 
$2.31] and the consistency conditions (C1,K) (c/. $1.16] . ( 1.11 )), (C2,K) as we// as 

una, ana), ra, mot - 

Then there exists T* G (0, T] suc/i £aa£ £ae identification problem P(K), K G {D,N}, ad- 
mits a unique solution (u,k) G U 2,P (T*) x C^([0, T*], W 2 ' p (0, i?)) depending continuously 
on the data with respect to the norms pointed out in $2.11] — $2.23] . 
In the case of the specific operators <£>, \I> defined by $1.14 ), $1.15] the previous results are 
still true if ip G C 1 (f2), rt/i Vw^O when K = D. 

Corollary 2.7. When $ and \I> are defined by $1.14 ) an d $1-15] . respectively, and the 
coefficients a^j = 1,2,3) are represented by $1.3] . conditions $2. 11] — i\2. 15] are 
satisfied under assumptions <\l-4h $2.10] and the hypothesis ip £ C 1 ^), with i[)\ gn = 
when K = D. 

Proof. ^From definitions (jl.lBj) and Holder's inequality it immediately follows 



|*M| < U\\cm\\ v \\L H (i) < 



~irR 3 
3 



i/ P > 



Hence, from ()2.6|) and (|2.42j) we have that (j2.11|) is satisfied. Definition ()1.14|) easily 
implies (I2.12|) and ()2.13|) . as we have already noted in (|2.5J) . So, it remains only to prove 
that decompositions $2.14] and $2.15] hold. 

When the coefficients represented by (jl.3j) the second-order differential operator 

A can be represented, in spherical co-ordinates, by operator A defined by $2.2] . Our next 
task consists in computing $ [Aw\ for any w G W£ p (tt), p G (3, +oo). Observe first that 
from (PH and fTWf it follows 



$[AH( r ) = / sinOdof \{Rx'){D r [h{r)D r w(rx')\ + 2^Z^(ra/)W = A x <S>[w](r) 
Jo Jo ^ r ' 

Since p G (3, +oo), using the Sobolev embedding theorem of W 1,P (Q) into C(fi) an^t? 
well-known formulae 

= cosif sin6D Xl + sin<y2 sin^-D^ + cos9D X3 , 

= — r siny? sin^D^ + r cos<^ sin^D X2 , (2.44) 
= r cosip cos8D xl + r simp sin6D X2 — r sin6D X3 , 

it can be easily shown that (D ip w)/(rsin9) and (D$w)/r are bounded, while the functions 
(D*w)/ sin9 and Dg(sin9Dgw) belong to L 1 (dB(0,r)) for every r G (0, i?). Therefore, 




S 



integrating by parts, we obtain 
'a(r) + b(r) 



r 2 sinO 
a(r) + b(r) 



sm6)~ l D 2 v w + D e (sm6D e w 

ip=2n 
tp=0 







sin^ 



d6 + 



2n 



D e w(rx')sm6] d<p\=0, (2.45) 



r 2 sin^ 



sin^) *D V [c(r, 0)D v tw] + D fl [c(r, 0) sin0lW| )](r) 



o L 



c(r, 8)D (p w(rx > ) 



sin# 



<P=2tt - 


r2ir 




e=TT 




d6 + 


c(r, 9)Dgw(rx') sin#] 




<p=0 - 


Jo 


8=0 



(2.46) 



Hence, from (|2~13|) . (|2~43J) . we find that flUIIj) holds for every w G W^""^) with 

p G (3, +oo). 

Let now ^ be the functional defined in (|1.15|) . Analogously to what we have done for $, 
we apply ^ to both sides in (j2.2j) . Performing computations similar to those made above 
and using the assumption ip\ gn = when K = D which ensure that the surface integral 
vanishes, we obtain the equation 



V[Aw] = Vi[w], W6^' P (0), 



where 



R 



2tt 



r 2 h(r)dr / sm9d9 / D r w{rx')D r ip{rx')dip 



R 

r 2 dr I sm9d9 



n 

- i r 



r2n 

U [a(r) + b(r) + c(r,<p,6)] 
Jo 

fir r2ir 

dr I sm6d9 / [a(r) + b(r) + c(r, tp, 6)] 
Jo Jo 



D^w{rx') D^ipirx') 
r sin# r sin# 

Dqw(tx') Dg%l>(rx') 



dip 



dp . (2.47) 



Now it is an easy task to show that defined in (12.47)1 belongs to W 1,P (VL)* . Indeed, 
using formulae ()2.44|) and Holder's inequality, we can easily find 



|*iMI < Ciiivui 



D> (SI) 



< Ci||«j||wi>p 



(CI) , 



where C\ > depends on HV'llc 1 ^) anc ^ max [||' l l|i» oo (o,.R)> Il a + b + c\\ L00 r Q ^\ , only. 
Hence also decomposition ()2.15|) holds and this completes the proof. 



(2.48) 



□ 



3 An equivalence result in the concrete case 

Taking advantage of the results proved in j2], we limit ourselves to sketching the procedure 
for solving the necessary equivalence result. 

We introduce the new triplet of unknown functions (v, I, q) defined by 

v(t,x) = D t u(t,x) - D t u x (t,x) , l{t) = k(t, R 2 ) , q(t,r) = D r k(t,r) , (3.1) 
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so that u and k are given, respectively, by the following formulae 

u(t, x) = u\(t, x) — ui(0, x) + uq(x) + / v(s,x)ds, V (t, x) G [0, T] x O, (3.2) 



(3.3) 



fc(t, r) = /(*) - y g(t, OdC := *(*) ~ Eq(t, r), V (t, r) G [0, T] x (0, R). 



Then problem p. 1)1 . p. 9)1 — p. 13)1 can be shown to be equivalent to the following identi- 
fication problem: 

D t v(t,x) = Av(t, x) + / k(t — s, \x\) [Bv (s, x) + BD t u\(s, x)] ds + k(t, \x\)Buq(x) 

Jo 

+ / D\ x \k{t — s, \x\) [Cv(s, x) + CD t Ui(s, x)~\ds + D\ x \k(t, \x\)Cuo(x) 
Jo 



+AD t u 1 (t,x)-D*u 1 (t,x) + D t f(t,x), V (t, x) G [0, T] x Q, (3.4) 

v (0, x) = .Atto(x) + /(0, •) — D t ui(0, x) := uo(^), Vx G f2, 
f satisfies the homogeneous boundary condition (K), K G {D,N} , 

l(t) = l (t) + N 3 (v,l,q)(t), VtG[0,T], 



(3.5) 
(3.6) 

(3.7) 



q(t, r) = q (t, r) + J 2 (u )(r)N 3 (v, I, q)(t) + N 2 (v, I, q)(t, r), V (t, r) G [0, T] X (0, R), 

(3.8) 

where we have set 

lo(t):= [J 1 (u )]- 1 N (u ,u h g h g 2 ,f)(t), V* G [0,T], (3.9) 
g (t,r):= J 2 («o)(r)/io(*) + ^ 3 °K «i, Pi, /)(*, r), V(t,r) G [0,T] x (0,R). (3.10) 
We recall that operators J , J\ and J 2 are defined, respectively, by ()2.30j) . 1)2.31)1 and 



J2{u )(r) 



$[Cu ](r) 



r rR2 



exp 



*[C«o](0 



di 



Wre(0,R). (3.11) 



To define operators N 2 and N 3 appearing in (|3.7|) . ()3.8)1 we need to introduce the operators 
iVj and L: 



- [ [l(t - s) - Eq(t-s, \x\)] [Bv(a,x)+BD t ui(a,x)]d8 
Jo 



- fq(t- 8, \x\)[Cv(s,x) +CD t u 1 (s,x)]ds, V (t,x) G [0, T] xQ , (3.12) 
Jo 



pB.2 r /■ 
Lg(t,r):= / exp / 



$[c« ](e) 



de 



dr], Wg G ^((0, T) x (0, #)). (3.13) 
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Now, denoting by / the identity operator, define N 2 and N 3 via the formulae 

1 



N 2 (v,l,q)(t,r): 



[I + ®[Bu ](r)L}<S>[N 1 (vJ J q)(t,-)}(r) 



$[Cu )(r 
:=J 3 («o)(r)$[JVi(i;,Z,g)(t,.)](0> 



+ V [E(N 2 (v, I, q)(t, .))Buo] •)] , 



(3.14) 



(3.15) 



where is defined by (|2.47j) . 

Finally, to define operators N and N® appearing in ()3.9|) . ()3.10|) we need to introduce 
first the operators iV° and N 2 , where operators A and A\ are defined, respectively, by 
(I2~2l and (f2~TT)j) : 

N°( Ul , gi ,f)(t>r) = D 2 gi (t,r)-D t A l9l (t,r) 

-$[D t f(t, -)](r) , V (t, r) G [0, T] x (0, R), (3.16) 

N$( Ul ,g 2 J)(t) =D 2 t g 2 (t)-*i[DMt,-)]-*[D t f(t,-)}, Vte [0,T]. (3.17) 
Then we define 

1 



N^u ,u 1 ,g 1 ,f)(t,r) 



[l + $[Bu ](r)L]N°(u hgi J)(t, 



®[Cu )(r) 

■.= J 3 (u )(r)N°( Ul , gi J)(t,r), (3.18) 
N {u , Ul , gi , g2 , f)(t) : = N°( Ul ,g 2 , f)(t) - ^[N^{u , Ul , 9l , /)(*, -)Cu ] 

-^[^(iVjKtZi^i, /)(*,- ))B«o] • (3.19) 
Finally, we introduce function fc appearing in (|2.21|) : 



feo(r) = [Ji(wo)] _1 {*[y + <fc, /)(0) - *xh]| exp 



fi2 $[Buo](e) 
*[C«o](0 



+ / exp 



N i (u 1 ,g 1 J)(r ] ) 



where for any iGfiwe set 



drj, Vr G (RuRz) . (3.20) 



1*1 

exp 



#2 



$[C« ](r/) 



rf?7 > + £vu (:c) / exp 



[xi ^[CwoKO 



N?( Ul , gi ,f)(ri) 



drj . 



We can summarize the result sketched in this section in the following equivalence theorem. 

Theorem 3.1. The pair (u,k) G U 2 ' P {T) x C^([0, T]; W 2 P (0, R)) is a solution to the 
identification problem P(K), K G {D,N} ; if and only if the triplet (v, I, q) defined by AS. 1\ 
belongs toU^ p {T) x C^([0,T];M) x C p ([0, T}; Lg(0, R)) and solves problem 
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4 An abstract formulation of problem (13.41) - ( EJT81 ). 

Starting from the result of the previous section, we can reformulate our identification 
problem in a Banach space framework. 

Let A : T>(A) C X — ► X be a linear closed operator satisfying the following assumptions: 

(HI) there exists ( G (tt/2,tt) such that the resolvent set of A contains and the open 
sector £ c = {/i G C : | arg/i| < (}; 

(H2) there exists M > such that — \\c<x) ^ f or ever U t 1 £ £f/ 

(H3) Xi and X2 are Banach spaces such that T>(A) = X2 '—t X% •—>■ X . Moreover, /j — > 
(fil — Ay 1 belongs to C(X;Xi) and satisfies the estimate — ^.)~ 1 || J c(x-x 1 ) ^ 
M\fj,\~^ 2 for every p, G £(. 

Here C{Z\ \ Z%) denotes, for any pair of Banach spaces Z\ and Z2, the Banach space of all 
bounded linear operators from Z\ into Z2 equipped with the uniform-norm. In particular 
we set C(X) = C(X;X). 

By virtue of assumptions (HI), (H2) we can define the analytic semigroup {e }t^o °f 
bounded linear operators in C(X) generated by A. As is well-known, there exist positive 
constants Ck(() (k G N) such that 

\\A k e tA \\ C (x) < c k (()Mt- k , Vt G K+, VA; G N. 

After endowing T>(A) with the graph- norm, we can define the following family of inter- 
polation spaces T>a(/3,p), [3 G (0, 1), p G [1, +00], which are intermediate between T>(A) 
and X: 

V A (i3,p) = jx eX : \x\ VA( p !p) < +00}, ifpe[l,+oo], (4.1) 

where 

[ f f +OD t^^\\Ae tA x\\xdt) 1/P , ifpG[l,+oo), 

[ sup Q<t < 1 (t 1_ ^||Ae M x||x), if p = 00. 

They are well defined by virtue of assumption (HI). Moreover, we set 

V A (l + /3,p) = {x G V(A) : Ax G ZUOM}. (4.3) 

Consequently, + (3,p), n G N, (3 G (0,1), p G [l,+oo], turns out to be a Banach 

space when equipped with the norm 

n 

W X \\v A (n+p,p) =J ^2 H^llx + \ AnX \v A (J3,p) ■ ( 4 - 4 ) 
3=0 
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In order to reformulate in an abstract form our identification problem ()3 . 4|) — ()3 . 8|) we need 
the following assumptions involving spaces, operators and data: 

(H4) Y and Y\ are Banach spaces such that Y\ Y ; 

(H5) B : T>(B) C X — > X zs a linear closed operator such that X 2 C T>(B); 
(H6) C : T>(C) := Xi C X — > X is a linear closed operator; 
(H7) £ G £(Y; $ G £(X; Y), G X* ; * x G X/; 

(H8) M. is a continuous bilinear operator from Y x Xi to X and /rom Yi x X to X, 
where Xi ■=— > Xi; 

(H9) Ji : X 2 — > R, J 2 : X 2 — > Y , J3 '■ X 2 — > C(Y) are three prescribed (non-linear) 
operators ; 

(H10) u , v G X 2; Cm e Xi, Ji(u ) ^ 0, 5 Mo G +oo) ; 5 G (/?, 1/2) / 

(Hll) g e C^([0,T]; Y) ; / G C^([0,T];1R); 

(H12) Zo G^([0,r];l), Zje^MiXi), ^GC^([0,T];X); 
(H13) Au + A^(5o, Cm ) +T Bu - M{Eq , Bu ) + z 2 {0, •) G X> A (/3, +00) . 
The elements % and Zo appearing in (H13) are defined by: 

T = i (o)- [JiK)]" 1 *!^], 

(4-5) 

go = g (o) + J 2 (« ) [Ji(u )\ ^iN , 

where Zo an d go are the elements appearing in (Hll). 
Remark 4.1. In the explicit case we get the equations 

k = HR2) , go(r) = k' (r) . (4.6) 

where k is defined in (J3.20J) . 

We can now reformulate our direct problem: determine a function v G C 1 ([0, T]; X) H 
C([0,T];X 2 ) such that 

v '{t) = [X I + A]v(t)+ [ l(t - s)[Bv{s) + z {s)]ds - [ M(Eq{t - s), Bv{s) + z {s))ds 

Jo Jo 

+ / M(q(t-s),Cv(s) + z l (s))ds + M(q(t),Cu )+l(t)Bu 
Jo 

-M(Eq(t),Bu )+z 2 (t), VtG[0,T], (4.7) 

v{0) = v Q . (4.8) 
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Remark 4.2. In the explicit case (|3.4j) — ()3.8|) we have A = A — XqI, with a large enough 
positive A , and the functions z , z±, z 2 defined by 

z = D t Bui , z x = DtCux , z 2 = D t Aui - D 2 t u x + D t f, (4.9) 

whereas v ,h ,q are defined, respectively, via the formulae (|2.41j) . (|3.9|) . (|3.10|) . 

Introducing the operators 

R 2 (v, h, q) := -[JiM] -1 ^ [M (J 3 (uo)$[iVi(t;, I, q)},Cu )} 

[M {E(J 3 (uoMNi(v, I, q)}, Bu )} - ^(v, I, g)]} , (4.10) 
R 3 (v, h, q) := J 2 (u )R 2 (v, I, q) + J 3 («o)$[WiO>: h ?)] , (4.11) 

s 2 (v)HJiM _1 {*[.M(J3(%^^ 

(4-12) 

5 3 (^):= J 2 (uo)5 , 2 («) , (4.13) 
the fixed-point system (|3.7p . (|3.8|) for Z and g becomes 

Z = Zo + ^(«,U) + (4-14) 

g = g + Rs(v, I, q) + S 3 (v) . (4.15) 

The present situation is analogous to the one in |Sj (cf. Section 4). Consequently, also in 
this case we can apply the abstract results proved in (cf. Sections 5 and 6) to get the 
following local in time existence and uniqueness theorem. 

Theorem 4.3. Under assumptions (HI) — (H13) there exists T* G (0, T) such that for 
any r G (0,T*] problem Q^. 7| ), fl7~%l ), ]4-Hh \4-lty admits a unique solution (v,l,q) G 
[C 1+ ^([0, r]; X) n C"([0, r]; X 2 )] x C»([0, t];R) x C*([0, r]; F). 



5 Solving the identification problem (13.41) — ( 13T81 ) 
and proving Theorem 12.61 

The main difficulties we meet when we try to solve our identification problem P(K), K G 
{D,N}, in the open ball Q can be overcome by introducing the representation (jl.3j) and 
the additional assumptions (jl.4|) — (jl.5j) for the coefficients a^j = 1,2,3) of A. 
The basic result of this section is the following Theorem. 

Theorem 5.1. Let the coefficients a^j = 1,2,3) be represented by (Jl.ffi where the 
functions a,b,c,d satisfy ]l-4l — (jUSj) . Moreover, let assumptions (pQJ), (jff.ifljl — (jff.ffffi . 
(fOZty . (pOT)) 6e fulfilled along with the consistency conditions $UFfy - §EJJ% . 



Then there exists T* G (0, T] such that the identification problem <\3.41) — $EJ$ admits 
a unique solution (v,l,q) G U^ P {T*) x C p ([0, T*]; R) x C p ([0, T*}; L\ (0, R)) depending 
continuously on the data with respect to the norms pointed out in < \2.17[ — <\2. 6)V ' 



In the case of the specific operators $, \& defined by <\l-14h $HH$ the previous results are 
still true iftpE C l (Q), with ip\ an = when K = D. 
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Proof. We will show that under our assumption (jl.3|) — (jl.5j) . (j2.1|) on the coefficients a^-, 
Cj (i,j = 1,2,3) of the linear differential operators A, B, C defined in (jl.2|) we can 
apply the abstract results of Section 4 to prove locally in time existence and uniqueness 
of the solution (u, k) to the identification problem P(K), K G {D,N}. 
For this purpose let p G (3, +oo) and let us choose the Banach space X, X\, Xi, X 2 , Y, Y\ 
appearing in assumptions (HI) — (H12) according to the rule 

x = zs(n), x 1 = w 1 *(n), x 1 = wlt p (si), x 2 = w£ p (n), (5.1) 



Y = Ll(0,R), Y 1 = W 2 1 ' p (0,R). (5.2) 

Since p G (3, +00), reasoning as as in the first part of Section 5 in we conclude that 
A = A — A / satisfies (HI) - (H3) in the sector for some A G R + . 
Since assumptions (H4) — (H6) are obviously fulfilled, we have that (HI) — (H6) hold. 
Define now operators <&, ^1, respectively, by ()1.14|) . (|1.15|) . ()2.47|) and operators E and 
M by 

Eq(r) = J q(£)d£, Vr G [0,R], (5.3) 

M{q, w)(x) = q(\x\)w(x), ViGfi, (5.4) 
Then from Holder's inequality and the fact that p G (3, +00) we get 



\\Eq\\l mR) 



pR pR P pR r pR 

/ r 2 / q&dt dr^ r 2 / C Vp ? /p \<l{tm 

JO Jr JO Jo 



dr 



< iuiip 



R 



r 

IJo 



R 



2/(p-l) 



\1\\l*(o,r) 

Since D r Eq(r) = —q(r) from ()5.5j) it follows: 



p-i 



dr = — 



R p /p-U?- 1 



3 \p-3 



\v\\l p 2 (o,r) • 



(5.5) 



\\Eq\\ 



lZ(p,R) 



1 VP 



R P (p-l\ p - 1 



3 \p-3 



+ 1 



i/p 



\<1\\l^o,r) 



(5.6) 



Hence Ee C(L p (0, R); W 2 ' p (0, R)). Therefore, by virtue of ff2~B]l. (g32D , assumption 
(H7) is satisfied. 

Since p G (3, +00) we have the embedding (|2.27|) . Then from the following inequalities, 



\\M(q,w) 



\q(\x\)\ p \w(x)\ p dx < \\w\\ p cm 



\q{\x\)\ p dx 



< 4tt| 



R 



M\ P cm / r l?Wr^ < C \\ w \\m,p(u)h\\q( ,R.y ( 5 - 7 ) 



we conclude that M. is a bilinear continuous operator from L^O, -R) x W l,p (Q) to L p (f2). 
Moreover, using the embedding ()2.28|) it is an easy task to prove that M. is also continuous 
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from W 2 L ' P {0, R) x D>(Q) to and so (H8) is satisfied. 

Then we define Ji(u ) , J 2 (u ) , J 3 (u ) according to formulae (J2.31)) . (13.11)1 . (J3.14)) and it 
immediately follows that assumptions (H9) is satisfied, too. 

Finally we estimate the vector (t> , z , z±, z 2 , h , q ) in terms of the data (/, uo, U\, g%, g 2 ). 
Definitions (EHoT) - (EOT?)) imply that 

N°( Ul , gi ,f), N°(u ,u 1 ,g 1 ,f) e C^[0,T]; L P 2 (0, R)), 
N°( Ul ,g 2 J), NoiuotUugugzJ) eCf*([0,T\). 
Therefore from (|3.9)) and (|3.1U|) we deduce 

(ho, ?o) e ^([0,T]) x C^([0,T];L*(0,.R)), (5.8) 
whereas from (j33|l and hypotheses (HTTP) - (l2~?T)) it follows 

(zo,^,^) G C^M;^)) x C^([0,T];^(O)) x C^([0,T];i7(Q)), (5.9) 

e + z 2 (0, •) G Wf' p (fi) . (5.10) 

Hence assumptions (H10) — (H12) are also satisfied. To check condition (H13) first we 
recall that in this case the interpolation space T>a(/3, +oo) coincides with the Besov 
spaces B^£°°(n)= (L p (tt),W^(ty) ^ ^ (cf. section 4.3.3]). Moreover, we recall that 

B*'^) = W^jf (f2). Finally, we remind the basic inclusion (cf. jSJ section 4.6.1]) 

W S ' P {Q) ^ B s ' p '°°(n) , if s £ N . (5.11) 

Since our function F defined in (12.21)1 belongs to W^ j[(fl), it is necessarily an element of 
Bjjf |0O (fl). Therefore (H13) is satisfied, too. □ 

Proof of Theorem 12. 6L It easily follows from Theorems 13.11 and 15. 11 □ 

Remark 5.2. We want here to give some insight into the somewhat involved condition 
()2.21)) . For this purpose we need to assume that the functions a,b,d G W 3,oo ((0, R)), 
c G W 3,co (Q) satisfy the following conditions 

6(0) = 6'(0) = 6"(0) = 0, d(0) = d'(0) = d"{0) = 0, 

a'(0) = a"(0) = 0, D Xi c{0) = D Xi D Xj c{0) = 0, i,j = 1, . . . , n. 

This implies that the coefficients a^j belongs W 3,oc (Q), i,j = 1,2,3. Then we observe 
that function k defined in (3.20) actually belongs to C 1+a ([Ri, R 2 ]), a G (2/3,1). It is 
then an easy task to show the membership of function F in W^^(fl), (3 G (0, 1/2) under 
the following regularity assumptions 

i) for any p G C a (Ti),a G (2/3, 1), w G W 2 ^{tt), pw G iy 2ftp (fi) and satisfies 
the estimate ||pw|| W 2/3 lP (n) < C||p|| C a(n)||H|w :j 0.r(n) ! 

iij operator $ maps C a (H) into C a ([-Ri, R 2 }) . 
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As for as the boundary conditions involved by assumption (H13) are concerned, we observe 
that they are missing when (K) = (N), while in the remaining case they are so complicated 
that we like better not to explicit them and we limit to list them as 

F satisfies boundary conditions (K). 

Of course, when needed, such conditions can be explicitly computed in terms of the data 
and function ko defined in (3.20). 



6 The two-dimensional case 

In this section we deal with the planar identification problem P(K) related to the disk 
tt = {x ER 2 : \x\ < R} where R > 0. 

Operators A, B, C are defined by ()1.2|) simply replacing the subscript 3 with 2: 

2 2 2 2 2 

j=l k=l j=l k=l j=l 



According to (jl.3|) for the two-dimensional case, we assume that the coefficients Ojj of A 
have the following representation 



a>i,i(%) = a (\ x \) + 



02,2(20 = ci(\x\) + 



a 12 {x) = a 2 ,i(x) 



x\[c(x) + b{\x\)\ x\d(\x\) 



\x\ 



\x\ 



x\[c(x) + b(\x\)} x 2 2 d(\x\) 



X 



\x\ 



(6.2) 



xix 2 [b(\x\) + c(x) + d(\x\ 



\x\ 



where the function a, b, c and d satisfy properties (jl.4j) . p.5j) . 

Furthermore we assume that the coefficients of operators B, C satisfy (j2.1|) . 

In the two-dimensional case, setting x' = (cosip,smip) an example of admissible linear 

operators $ and \1/ is now the following: 



$[v](r) 



2tt 

v{rx')dip . 



277 



^f[v]:— / rdr \ tp(rx')v(rx') dtp, 



(6.3) 



(6.4) 



Similarly to ()2.2j) . using ()6.2j) . we obtain the following polar representation for the second 
order differential operator A: 



A = D r [h{r)D r ] 



h(r)D r a(r) + b(r) 9 1 ^ r „ , -, , 

+ 1 \ 2 { ] K + - 2 D,[c(r^)D,], (6.5) 



where c(r,ip) = c(r cosy?, r siny?) and function h is defined in (II. 6|) . 
Working in the Sobolev spaces W k,p (Q), we will assume 



p e (2, +00) 



(6.6) 
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Moreover, our assumptions on operators $ and \l/ and the data will be the same as in 
(l2~TT|) - flT231 with the spaces L p (0,R) and W 2 2 ' p (0, R) replaced, respectively, by L p (0,R) 
and W?' P (Q,R). The Banach spaces U S > P (T), U^ P {T) are still defined by ffjSfl . 

Theorem 6.1. Lei us suppose that the coefficients aij (i,j = 1,2) are represented by 
and &trf (Q, (fOjt . 0, (f5777j> - (fT75jl . ^Th} are fulfilled. Moreover, assume 
that the data enjoy the properties ]2.17\) — §2.2cty and satisfy inequalities \2. 3(Jty . \2. 31\ as 



well as consistency conditions 6|) — ]2.37\) — 

Then there exists T* G (0, T] such that the identification problem P(K) , K G {D,N} ; ad- 
mits a unique solution (u,k) G U 2,P (T*) x C^([0, T*]; W 1 ' p (0, i?)) depending continuously 
on the data with respect to the norms pointed out in ( ff.JTp — ^2.2'J^i . 



In the case of the specific operators $ ; defined as in (|6'.^j) . ( |6'.^| ) £ne previous results are 
still true if we assume ip G C 1 (f2) ^| en = wnen K = D. 



Lemma 6.2. When $ and \I/ are defined by (j6'.,'yj) and (^7), respectively, and the coef- 



ficients dij (i,j = 1,2) are represented by ()6'.ijj) . conditions \2. iij) — \2. 15\ are satisfied 
under assumptions l \1.4h f!6'. 6|) and iae hypothesis ip G C 1 (fi) wift ^i^^O when K = D. 

Proof. It is essentially the same as that of Lemma 12.71 Therefore we leave it to the 
reader. □ 

For the two-dimensional case the results of Section 5 are still true. Therefore the proof 
of Theorem 15.11 is analogous to the one of Theorem 12 .61 
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